
On Internal Stability of Wirelessly Controlled Stochastic Linear Systems
With Channel State Detection and Message Dropout Compensation*

Yuriy Zacchia Lun, Fortunato Santucci, and Alessandro D’Innocenzo

Abstract— This paper develops a hidden Markov jump linear
system model to analyze the internal stability of stochastic linear
systems with wireless state-feedback control under imperfect
channel-state information. It considers the current and future
control inputs that actuators can apply if future control
messages are lost. The dropout compensation strategy supports
scaling inputs to actuators when needed. We present coupled
Lyapunov-like equations for the system’s internal stochastic
stability and show that linear matrix inequality (LMI) formu-
lations can be derived to verify stochastic stabilizability and to
design a stabilizing feedback control. We validate the results
with an illustrative numerical example that demonstrates the
practicality and effectiveness of our approach.

Index Terms— Control over communications; Markov pro-
cesses; stability of hybrid systems.

I. INTRODUCTION

Wireless networked control systems (WNCSs), with their
critical roles in applications like intelligent transportation,
industrial automation, smart grids, and telesurgery, represent
a significant area of interest for both industry and academia,
as noted in [1], [2], and [3]. Research on estimation and
control over unreliable links is a key focus within WNCSs,
as discussed in [1], [3], [4], and references therein.

An important finding from [4], [5] and [6] is that accurate
and timely knowledge of communication link conditions can
significantly enhance closed-loop performance. However, ob-
taining perfect wireless channel state information (CSI) may
be difficult in real-world communication scenarios, so only
imperfect or statistical CSI might be available, as discussed
in [7], [8], and [9]. Model predictive control (MPC)-based
algorithms in [3] depend on transmitting a sequence of future
control inputs that actuators can use if upcoming messages
are lost. This method increases processing and transmission
delays, the likelihood of message loss, and network traffic
due to larger message sizes. The number of future control
inputs to send becomes a key design decision, balancing
the disadvantages of larger messages with the benefits of
improved control. [6] introduced a framework to analyze this
trade-off under imperfect CSI and proposed a hybrid message
dropout compensation scheme that combined transmitting
multiple control inputs with scaling inputs to actuators when
needed. It models CSI uncertainties using the detector-based
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approach from [10] and [11], extending it to the one-time-
step-delayed channel-state-observation setting of [4] and [5],
where wireless link dynamics are represented by finite-
state Markov channels (FSMCs, as in [12]). [6] presented
a practical hidden Markov jump linear system (HMJLS)
model, which is especially useful for solving optimal control
problems. [13] extended it to the output-feedback setting. For
the stability analysis, they followed the idea in [4] to build an
equivalent model based on the most complete and updated
information available to the actuators. This paper shows that
the stability analysis needs only part of this information,
significantly reducing the augmented system’s state space.
The proposed model maintains accuracy while simplifying
the analysis, enabling us to formulate coupled Lyapunov-
like equations for the system’s internal stochastic stability
and to develop LMI formulations for verifying stochastic
stabilizability and designing a stabilizing feedback control.

This paper’s contribution is twofold.
• We propose an enhanced HMJLS model for discrete-

time linear stochastic systems with hybrid message
dropout compensation and imperfect CSI, especially
suited for examining stabilizability and internal stability.

• We also develop LMI formulations to verify stochastic
stabilizability and design stabilizing feedback controls;
we validate these with a numerical example.

The main novelty lies in the HMJLS model, which departs
from the tradition established in [4], [6], [13] of using all the
information available to the actuators and instead identifies
a reduced information set required for accurate stability and
stabilizability analysis.

This paper is organized as follows. Section II introduces
the FSMC model of wireless links, Section III describes
the closed-loop system model, while Section IV presents
the first main result—an improved equivalent model of the
closed-loop system that simplifies and enables the internal
stability analysis discussed in Section V. Section VI verifies
the results through a numerical example, and Section VII
concludes the paper.

Notation: R, Z+, and Z0+ denote the sets of real numbers,
positive integers, and nonnegative integers. Rn represents
n-dimensional Euclidean space. Symmetric positive definite
and positive semidefinite matrices Z are indicated by Z ≻ 0
and Z ⪰ 0. Z⊤ denotes the transpose of matrix Z. ρ(Z)
is the spectral radius of a square matrix Z. P denotes the
probability of an event, and E signifies the expected value
of a random variable. IN indicates the identity matrix of size
N . Throughout this paper, N is the number of FSMC states,
and M is the number of detector outputs, with M ≤ N .



Additionally, ei represents the column vector of the standard
basis of RN , where all components are zero except for the
ith, which is one. The column vectors of the standard basis of
RM are denoted by êµ, with µ ∈ Z+ and µ ≤ M . Moreover,
⊕ indicates the direct sum, resulting in a diagonal matrix
with the addends on the main diagonal. ⊗ represents the
Kronecker product. Lastly, 1 is a vector of appropriate size
with all elements equal to one, and ⋆ indicates transposed

blocks in a symmetric matrix, i.e.,
[
Z1 Z2

⋆ Z3

]
=

[
Z1 Z2

Z⊤
2 Z3

]
.

II. WIRELESS LINK MODEL

In a WNCS environment, controllers communicate with
actuators and sensors through wireless links, whose time-
varying behavior can be accurately modeled using FSMC
models [14]. An FSMC consists of a finite set of states, S ≜
{si}Ni=1, each with a specific message dropout probability.
A discrete-time Markov chain {θk} determines the active
channel state. Formally, ∀k ∈ Z0+,

P(θk = sj | θk−1 = si) = pij ≥ 0,
∑N

j=1
pij = 1, (1)

P(δk = 1 | θk = sj) = δ̂j , P(δk=0 | θk=sj) = 1−δ̂j , (2)

where {δk} is a binary stochastic process used to model mes-
sage loss that occurs between the transmitter and receiver.

For clarity, we organize the channel-state transition prob-
abilities (TPs) in the transition probability matrix (TPM)

Pc ≜ [pij ]
N
i,j=1, (3a)

and the success (or, conversely, failure) probabilities of
delivering a message at time k into the following matrices:

Ps ≜ [pij δ̂j ]
N
i,j=1, Pf = Pc − Ps. (3b)

We also denote the channel state probability at time k as

P(θk = si) = πi(k). (4)

Wireless receivers perform CSI measurements that are sent
back to the transmitters. In sensing links, the controller is the
receiver with direct access to the measured CSI. In actuation
links, the controller is the transmitter. Usually, it can access
the measured CSI through a reporting mechanism similar
to transmission acknowledgment, which introduces a delay.
This delay makes the optimal state-feedback control problem
the main challenge in unconstrained output-feedback control
over FSMC links [5]. Therefore, this paper focuses on the
internal stability (as formally defined in Section V) of the
wirelessly controlled stochastic discrete-time linear system
and investigates the impact of actuation link CSI measure-
ment noise, including cases with partial or no observation of
FSMC states. Internal stability is essential in the H∞ and H2

control synthesis problems for a broad class of Markov jump
linear systems (MJLSs) that use a detector to observe their
operational modes, as detailed, for instance, in [10] and [15].
We adopt the detector-based approach as follows. Refer to
θ̂k ∈{ŝµ}Mµ=1 as the measured CSI, which is obtained from
a detector that uses an emission probability matrix (EPM)

Pe ≜ [αiµ]
N,M
i,µ=1 , (5a)

P(θ̂k = ŝµ | θk = si) = αiµ ≥ 0,
∑M

µ=1
αiµ = 1. (5b)

Note that M ≤ N includes the following specific cases:
• Perfect CSI: M = N and Pe = IN so that θk is known.
• No CSI: M = 1 and Pe = 1 so that θk is unknown.

Additionally, scenarios of partial observation using clusters
are effectively modeled by a detector with M < N ; see [10].

Remark 1: In an FSMC, briefly described by (1)–(5), for
all t∈Z0+, θ̂t and δt are independent of each other and each
depends only on θt. Additionally, for all t∈Z+, θt depends
only on θt−1.

For simplicity in notation, define the diagonal matrices

Pπ(k) =
⊕N

i=1
πi(k), Pα(µ) =

⊕N

i=1
αiµ. (6)

These matrices are crucial for effectively displaying the
transition probabilities between the discrete states of the
closed-loop system, as detailed in Section IV.

III. SYSTEM MODEL

In this section, consider the following controlled discrete-
time linear system:

xk+1 = Axk +Buk, (7)

where, for each k ∈ Z0+, xk ∈ Rnx and uk ∈ Rnu are the
system state and control input to actuators, A and B are the
state and input matrices of appropriate size.

The controller uses a wireless link to send a control
message ûk that includes the current input and nf ∈ Z0+

tentative future inputs to account for potential control mes-
sage dropouts after the current transmission:

ûk =
(
[ū⊤

(k+t|k)]
nf

t=0

)⊤
= [ū⊤

(k|k), . . . , ū
⊤
(k+nf |k)]

⊤. (8)

The controller can obtain the CSI measured by the actuator’s
receiver but not the actual state of the FSMC. Additionally,
as a transmitter, the controller does not measure CSI and
cannot know the outcome of a control message transmission
before sending it. This information is received from the
actuator with a time-step delay. Consequently, all control
inputs in the message ûk depend on the last available CSI
measurement, which is θ̂k−1. This paper analyzes the steady-
state characteristics of the closed-loop system under state-
feedback control of the form

ū(k+t|k) = K̄(t,θ̂k−1)
xk, (9)

where t∈ Z0+ and t≤nf . From (8) and (9),

ûk = K̂(θ̂k−1)
xk, K̂⊤

(θ̂k−1)
=

[
K̄⊤

(t,θ̂k−1)

]nf

t=0
. (10)

For simplicity in notation, we set

K ≜ {Kµ : Kµ = K̂(sµ)}
M
µ=1. (11)

In other words, K represents a set of infinite-horizon state-
feedback controller gains, as in (10), associated with po-
tential CSI measurements from the wireless channel state
detector. Note that the controller’s information set used to
determine the control message in (8) is

Îk =
{
(xt)

k
t=0 , (δt−1)

k
t=1 , (θ̂t−1)

k
t=1

}
. (12)



Remark 2: As detailed in [6], based on the FSMC prop-
erties described in Remark 1, the control law in (9) does not
depend on (δt−1)

k
t=1.

As receivers, actuators are aware of the controller’s trans-
mission result. Their information set used to determine the
control input in (7) is

Ik =
{
(δtût)

k
t=0 , (δt)

k
t=0

}
. (13)

If the control message dropout interval exceeds the number
of tentative future control inputs nf , the actuators apply the
generalized control message dropout compensation to the last
available control input. Specifically, this input is multiplied
by a matrix Φ =

⊕nu

i=1 ϕi, where 0 ≤ ϕi ≤ 1. Then, the
control inputs to the actuators are provided as follows.

uk = Fũk, F ≜ ẽ⊤1 ⊗ Inu
, (14)

ũk = δkûk + (1− δk)Hũk−1, ũ−1 = 0, (15)

H ≜
∑nf

i=1
ẽi ⊗ ẽ⊤i+1 ⊗ Inu

+ ẽnf+1 ⊗ ẽ⊤nf+1 ⊗ Φ, (16)

where ẽi represents the column vector of the standard basis
in Rnf+1. In (14), uk extracts the first nu elements from
the buffer ũk, as described in (15). If a control message is
successfully received, δk=1 and the message is stored in the
buffer. If not, the buffer undergoes a linear transformation
using matrix H: it removes the first nu elements, shifts the
remaining elements up by nu positions, multiplies the last
nu elements by Φ, and places the result at the bottom of
the buffer. See [6] and [13] for additional details on the
advantages and practicality of this compensation mechanism
and the closed-loop system architecture.

Assumption 1: The finite-state Markov chain {θk} is er-
godic. Its steady-state probability distribution is π = [πi]

N
i=1,

where πi = limk→∞ πi(k).
The next section integrates (1)–(16) to demonstrate that

the controlled discrete-time linear system is a specific type
of hidden Markov jump linear system.

IV. HIDDEN MARKOV JUMP LINEAR SYSTEM MODEL

The trajectories of the system (7)–(16) depend on realiza-
tions of the stochastic process {δk}, which evolves according
to (1)–(5). As discussed in [4], analyzing the stability of this
type of system requires considering each control message
transmission outcome from the actuators’ perspective.

As in [4] and [6], we model the control-message dropout
intervals using an auxiliary stochastic variable ∆k:

∆k = (1− δk−1)(∆k−1 + 1). (17)

It counts the consecutive control-message dropouts that occur
before transmission at discrete time k. From (17), we have

∆k = ℓ ⇔ δk−1−ℓ = 1 ∧ δk−t = 0 ∀t ∈ Z+ : t ≤ ℓ. (18)

Notably, if ℓ=0, then {t}0t=1=∅, that is, ∆k=0 ⇔ δk−1=1.
In the following, T denotes the set of time points at which

actuators successfully receive control messages. Formally,

T ≜ {k : δk = 1}k∈Z0+ = {τ(m)}m∈Z0+ . (19a)

From (17), (18), and (19a), for all m ∈ Z0+,

τ(m) ∈ T ⇒ δτ(m)
= 1 ⇒ ∆τ(m)+1 = 0, (19b)

τ(m+1) = τ(m) + 1 +∆τ(m+1)
. (19c)

Remarkably, (19b) shows that ∆τ(m)+1 can be considered
part of the actuators’ information set Iτ(m)

, while ∆τ(m+1)

is unknown beforehand.
To develop an HMJLS model for stability analysis, we

define the following matrices. For any h ∈ Z0+,

Ah ≜ Ah+1, Bh ≜
∑h

i=0
Ah−iBFHi. (20)

The following proposition serves as the foundation for con-
structing the augmented state in the Markovian framework.
It is a direct consequence of [6, Prop. 1] that covers the case
of additive white Gaussian process noise.

Proposition 1: For any given initial system state x0, the
control law that satisfies (10), and a realization of (δt)

τ(m)+ℓ
t=0 ,

the system (7)–(16) is trace-equivalent to (17)–(21), meaning
that the states xτ(m)

and xτ(m)+1+h obtained from (7) and
(21) will be the same for all h ∈ Z0+ such that h ≤ ℓ.∆τ(m+1)

= ℓ ∈ Z0+ ⇒ ∀h ∈ Z0+ : h ≤ ℓ,

xτ(m)+1+h =
(
Ah + BhK̂(θ̂τ(m)−1)

)
xτ(m)

.
(21)

Proof: By construction, (17)–(21) describe the dynam-
ics of (7)–(16) for the same initial system state x0, control
law that satisfies (10), and realization of (δt)

τ(m)+ℓ
t=0 .

To derive the stochastic description of (17)–(21) based on
(1)–(6), consider the following expanded discrete states.

φτ(m+t)
≜ (∆τ(m+t)

, θ̂τ(m+t)−∆τ(m+t)
−2), ∀t∈Z+. (22)

Remark 3: [6] uses (θ̂τ(m+t)
,∆τ(m+t)

, θ̂τ(m+t)−∆τ(m+t)
−2)

to fully account for the information available to the actuators.
This yields an HMJLS model with a significantly larger state
space, as shown in Section VI.

From (19c) and (22), for any t∈Z+ and τ(m+t)∈ T ,

φτ(m+t)
= (∆τ(m+t)

, θ̂τ(m+t−1)−1). (23)

Consider ℓ and n in Z0+, µ and ν in Z+, µ≤M , ν ≤M ,
∆τ(m+1)

=ℓ, ∆τ(m+2)
=n, θ̂τ(m)−1= ŝµ, and θ̂τ(m+1)−1= ŝν ,

so that φτ(m+1)
=(ℓ, ŝµ) and φτ(m+2)

=(n, ŝν). From (21),

xτ(m+1)
= (Aℓ+BℓKµ)xτ(m)

if φτ(m+1)
=(ℓ, ŝµ) , (24)

xτ(m+2)
= (An+BnKν)xτ(m+1)

if φτ(m+2)
=(n, ŝν) . (25)

Consider τ(m+1)∈T . By (10), (13), and (17)–(19), xτ(m+1)
,

φτ(m+1)
, and xτ(m)

in (24) are part of the information set
Iτ(m+1)

. In contrast, xτ(m+2)
and φτ(m+2)

are unknown to
actuators at time τ(m+1). Therefore, we use (24) and (25) to
identify the current and next HMJLS states at τ(m+1):

• Current augmented state:
(
xτ(m)

;φτ(m+1)

)
;

• Subsequent augmented state:
(
xτ(m+1)

;φτ(m+2)

)
.

Remark 4: By examining all possible values of ∆τ(m+2)
in

φτ(m+2)
, we capture both successful and failed transmissions.



See [13, Sec. 6] for insights into representing the system at
an arbitrary discrete time point.

For notational simplicity, we define the controlled system
state matrix as Ψφτ(m+2)

≜A∆τ(m+2)
+B∆τ(m+2)

K̂(θ̂τ(m+1)−1)
,

so that (25) becomes

xτ(m+2)
= Ψφτ(m+2)

xτ(m+1)
. (26)

Remark 5: The controlled system state matrix depends on
the next, not the current, operational mode φτ(m+2)

. This
difference renders the existing results on internal stabiliz-
ability, such as those in [10] and [15], inapplicable. The
results in [6] remain valid but rely on a different, significantly
larger state space. This paper’s formulation greatly reduces
the computational complexity of stability verification for any
given set of control laws, as in (10), and, more importantly,
enables LMI-based stabilizability tests suitable for the H2

and H∞ control synthesis problems.
In the following, we will use Ψ(n,ν) to denote An+BnKν

whenever φτ(m+2)
=(n, ŝν). Note from Remark 1 that n and

ŝν are independent, but both depend on the respective hidden
states of the Markov chain {θk}.

Theorem 1: The transition probabilities between the states
defined by (23) for t∈{1, 2} is

P
(
φτ(m+2)

= (n, ŝν) | φτ(m+1)
= (ℓ, ŝµ)

)
=

ê⊤µP
⊤
e Pπ(τ(m)− 1)PsP

ℓ
fPα(ν)PsP

n
f Ps1

ê⊤µP
⊤
e Pπ(τ(m)− 1)PsP ℓ

fPs1
.

(27)

Proof: It is similar to the proof of [6, Th. 1]. It relies
on (19a), (23), the chain rule of probability, the definition
of conditional probability, the fact that an intersection of a
set with itself is the set itself, the law of total probability,
the commutative property of set intersection, Remark 1, and
(1)–(6).

Corollary 1.1: In the perfect CSI case, (27) becomes (28):

P
(
φτ(m+2)

= (n, ŝν = sj) | φτ(m+1)
= (ℓ, ŝµ = si)

)
=

πi(τ(m) − 1)e⊤i PsP
ℓ
feje

⊤
j Psei1e

⊤
i1
Pn
f Ps1

πi(τ(m) − 1)e⊤i PsP ℓ
fPs1

=
e⊤i PsP

ℓ
feje

⊤
j PsP

n
f Ps1

e⊤i PsP ℓ
fPs1

.

(28)

Proof: Under perfect CSI, M = N and Pe = IN so that
ê⊤µP

⊤
e = e⊤i IN = e⊤i , e⊤i Pπ(τ(m)−1) = e⊤i πi(τ(m)−1) =

πi(τ(m) − 1)e⊤i , and Pα(ν = j) = eje
⊤
j .

Corollary 1.2: In the no CSI case, (27) is transformed into

P
(
φτ(m+2)

= (n,−) | φτ(m+1)
= (ℓ,−)

)
=

1⊤Pπ(τ(m)− 1)PsP
ℓ
fPsP

n
f Ps1

1⊤Pπ(τ(m)− 1)PsP ℓ
fPs1

,
(29)

where “−” indicates that the CSI is unavailable.
Proof: Without CSI, M = 1, Pe = 1, êµ = 1, êν = 1,

and Pα(ν) = IN .
Remark 6: The transition probabilities in (27) and (29) are

time-inhomogeneous, meaning they change over time based

on the channel state probability distribution in τ(m)−1. Thus,
stability analysis of (26) under (27) and (29) depends on
Assumption 1 to ensure that the associated TPM converges
to the corresponding time-homogeneous one. In the perfect
CSI case in Corollary 1.1, Assumption 1 is not necessary.

For simplicity, we will abbreviate (27) as q(τ(m)−1,ℓ,µ,n,ν):

q(τ(m)−1,ℓ,µ,n,ν)≜
ê⊤µP

⊤
e Pπ(τ(m)−1)PsP

ℓ
fPα(ν)PsP

n
f Ps1

ê⊤µP
⊤
e Pπ(τ(m)−1)PsP ℓ

fPs1
.

Notice from (1)–(6), (27) that∑
n∈Z+

∑M

ν=1
q(τ(m)−1,ℓ,µ,n,ν)=1 (30)

for all ℓ,m∈Z0+, µ,M ∈Z0+, and µ≤ M .
Corollary 1.3: Under Assumption 1,

lim
k→∞

q(k−1,ℓ,µ,n,ν) = q(ℓ,µ,n,ν)

=
ê⊤µP

⊤
e PπPsP

ℓ
fPα(ν)PsP

n
f Ps1

ê⊤µP
⊤
e PπPsP ℓ

fPs1
,

(31)

where Pπ =
⊕N

i=1 πi

Proof: A direct consequence of Assumption 1.
The following proposition guarantees that the state-space of
the operational modes defined by (23) for t∈{1, 2} is finite.

Proposition 2: ∀τ(m), µ, ν,M ∈ Z+, with µ, ν ≤M , and
an arbitrarily small threshold ϵ, there always exists a maximal
number of consecutive control message dropouts L such that

L ≜ argmin
n̂∈Z+

q(τ(m)−1,0,µ,n̂,ν) < ϵ, (32)

Proof: From (1)–(3), the matrix Pf is strictly sub-
stochastic. From [16, Th. 8.1.22 and 5.6.12], it is convergent.
For large enough values of n̂, terms q(τ(m)−1,0,µ,n̂,ν) become
negligible.

Theorem 2: The system (7)–(16) subject to (1)–(5) is an
HMJLS described by (17)–(32).

Proof: It follows from Proposition 1 and Theorem 1.

V. INTERNAL STABILITY

This section formally introduces the concept of, and the
conditions for, the internal stability of the system (17)–(32).
According to Theorem 2, these results apply to (7)–(16).

Definition 1: The system described by (17)–(32) is inter-
nally stochastically stable (ISS) whenever∑∞

m=0
E
(∥∥xτ(m)

∥∥2) < ∞ (33)

for every initial condition x0 with finite second moment and
every initial Markov state φτ(0) .

Definition 2: The system (17)–(32) is stochastically sta-
bilizable (SS) if there exists K, as in (11), that makes the
system ISS. We denote the set of such K by K.
To write expressions concisely, we index the values of the
ordered pairs (v1, v2) representing the operational modes of
the closed-loop system, with 0 ≤ v1 ≤L and 1≤ v2 ≤ M ,
using an invertible mapping f : Z0+ × Z+ → Z+,

f(v1, v2) = Mv1 + v2. (34)



For any i, j∈Z+ with i, j≤(L+1)M , (ℓ, ŝµ) is indexed by i if
f−1(i)=(ℓ, µ) and (n, ŝsν) is indexed by j if f−1(j)=(n, ν).
Then, we can use, for example, the following representation
of the transition probabilities in (31).

q(i,j)=q(ℓ,µ,n,ν) such that f−1(i)=(ℓ, µ) ∧ f−1(j)=(n, ν).

M ≜
[
q(i,j)

]L
i, j=1

, L ≜ (L+1)M. (35)

Notice from Proposition 2, (1)–(6), and (27) that, ∀m ∈ Z0+,∑L

j=1
q(τ(m)−1,i,j) = 1− ϵ. (36)

Consider ûτ(m)
as in (9). To derive the recursive difference

equation for the second moment of the system’s state, let
1{φτ(m+1)

=(ℓ,ŝµ)} be the indicator function that specifies the
membership (or non-membership) of a given element in the
set. For notational convenience, let Qτ(m+1)

≜[Q(τ(m+1),i)]
L
i=1,

Q(τ(m+1),ℓ,µ)≜ E
(
xτ(m+1)

x⊤
τ(m+1)

1{φτ(m+1)
=(ℓ,ŝµ)}

)
. (37)

The second moment of (17)–(32) at time τ(m+1) is then

E
(
xτ(m+1)

x⊤
τ(m+1)

)
=
∑

ℓ∈Z0+

∑M

µ=1
E
(
Q(τ(m+1),ℓ,µ)

)
.

Proposition 3: ∀τ(m), µ, ν,M,L∈Z+ and ℓ,m, n∈Z0+,
with ℓ, n≤L as in (32), µ, ν≤M , and τ(m) as in (19),

Q(τ(m+2),n,ν) = Ψ(n,ŝν) Ê(n,ν)
(
Qτ(m+1)

)
Ψ⊤

(n,ŝν)
, (38)

Ê(n,ν)
(
Qτ(m+1)

)
≜
∑L

ℓ=0

∑M

µ=1
q(τ(m)−1,ℓ,µ,n,ν)Q(τ(m+1),ℓ,µ).

Proof: It follows from the definitions of the expected
value and the indicator function, the linearity of the expected
value, and (27). For more technical details in various MJLS
settings, see, for instance, [10], [17, Chapter 3], and [18].

By Corollary 1.3, limm→∞ q(τ(m)−1,ℓ,µ,n,ν) = q(ℓ,µ,n,ν).
For any sequence of L square matrices Y ≜ (Yi)

L
i=1, where

each Yi ∈ Rnx×nx , we define the following linear operator.

Ej(Y)≜
∑L

i=1
q(i,j)Yi. (39)

Let ⊗ denote the Kronecker product, vec the matrix vector-
ization, and vec2 the matrix sequence vectorization.

vec2 (Y) =
[
(vec (Y1))

⊤ · · · (vec (YL))
⊤
]⊤

. (40)

By Corollary 1.3 and Proposition 3,

lim
m→∞

Q(τ(m+2),j) = Ψj Ej
(
Qτ(m+1)

)
Ψ⊤

j . (41)

Furthermore, the vector form of (41) is

vec2
(
Qτ(m+2)

)
= Λ vec2

(
Qτ(m+1)

)
, (42)

where Λ is the stability verification matrix, and In2
x

denotes
the identity matrix of size n2

x.

Λ=
(⊕L

j=1
(Ψj⊕Ψj)

)(
M⊤⊕In2

x

)
=
[
(Ψj⊕Ψj)q(j, i)

]L
i, j=1

(43)

The following proposition, where ρ denotes the spectral
radius of a square matrix, meaning the largest absolute value
of its eigenvalues, explains the origin of the name for Λ.

Proposition 4: The system (17)–(32), with a given control
strategy defined by (9)–(11), is ISS if and only if ρ(Λ)<1.

Proof: After a transitory period, the second moment of
the system evolves according to (42), where Λ, as defined
by (43), is a fixed matrix. Therefore, the standard MJLS
approach remains applicable, and following the steps of the
proofs of [17, Th. 3.9] or [18, Th. 11 and 14] directly leads
to the desired result.
The next proposition provides an equivalent ISS verification
criterion based on Lyapunov-like coupled equations.

Proposition 5: The system (17)–(32), with a given control
strategy defined by (9)–(11), is ISS if and only if there exists
Z ≜ (Zj)

L
j=1, where each Zj∈Rnx×nx and Zj≻0, such that

Zj ≻ Ψj Ej(Z)Ψ⊤
j (44)

are valid for all j.
Proof: Similar to the proof of Proposition 4, it relies

on Corollary 1.3 and Proposition 3 to derive (41), which
holds after a transitory period. The following steps use the
standard MJLS approach from the proofs of [17, Th. 3.9] or
[10, Th. 1] to obtain the desired result.

The next theorem establishes the foundation for LMI-
based verification of the system’s stabilizability.

Theorem 3: The system (17)–(32), with a given control
strategy defined by (9)–(11), is ISS if there exist matrix
sequences X = (Xj)

L
j=1 and V = (Vν)

M
ν=1, where each

Xj, Vν ∈Rnx×nx and Xj=X⊤
j , such that, ∀ν and j=f(n, ν),[

X(n,ν) Ψ(n,ν)Vν

⋆ Vν + V ⊤
ν − E(n,ν)(X )

]
≻ 0. (45)

Proof: To demonstrate sufficiency, assume (45) is true.
From the Schur complement, Vν +V ⊤

ν −E(n,ν)(X ) ≻ 0 and
X(n,ν) −Ψ(n,ν)Vν

(
Vν+V ⊤

ν −E(n,ν)(X )
)−1

V ⊤
ν Ψ⊤

(n,ν) ≻ 0.
The first inequality implies that Vν + V ⊤

ν ≻ E(n,ν)(X ) ≻ 0.
As shown in [19], this means that Vν ≻ 0 and(

E(n,ν)(X )−Vν

)⊤E(n,ν)(X )
−1(E(n,ν)(X )−Vν

)
⪰ 0. (46)

Since all Xj in X are symmetric, E(n,ν)(X ) is consequently
symmetric. Thus, (46) becomes(

Inx−V ⊤
ν E(n,ν)(X )

−1 )(E(n,ν)(X )−Vν

)
⪰0,

implying that V ⊤
ν E(n,ν)(X )

−1
Vν ⪰ Vν + V ⊤

ν − E(n,ν)(X ).
For each n, ν, set W(n,ν)=V −1

ν E(n,ν)(X ) (V −1
ν )⊤, so that

W−1
(n,ν) = V ⊤

ν E(n,ν)(X )
−1

Vν ⪰ Vν+V ⊤
ν −E(n,ν)(X ) . (47)

From (45), (47), and the Schur complement, we derive (44),
where Z=X . Thus, by Proposition 5, the system is ISS.

Corollary 3.1: If there exist sequences of matrices X =
(Xj)

L
j=1, V=(Vν)

M
ν=1, and U=(Uν)

M
ν=1 of appropriate sizes,

where each Xj=X⊤
j , such that, for all ν and j=f(n, ν),[

X(n,ν) AnVν + BnUν

⋆ Vν + V ⊤
ν − E(n,ν)(X )

]
≻ 0, (48)

then the system (17)–(32) is stochastically stabilizable with
Kν = UνV

−1
ν .



TABLE I
SIZE OF Λ

M 1 2 4
This paper 448 896 1792

[6] 448 1792 7168

Proof: It is a direct result of Theorem 3 and (26):
Ψ(n,ν)Vν=(An + BnKν)Vν , Uν = KνVν , and Vν ≻ 0.

The following section verifies these results.

VI. NUMERICAL EXAMPLE

Consider a linearized model of a rotary inverted pendulum
as described in [4]:

A =

1 0.224 0.055 0.004
0 1.369 −0.028 0.090
0 4.994 0.391 0.167
0 8.618 −0.634 1.270

, B =

0.2270.218
4.944
4.820

.
The controller transmits messages to actuators via a wireless
link modeled as the following FSMC.

Pc =

0.257 0.027 0.032 0.684
0.182 0.023 0.028 0.767
0.172 0.022 0.027 0.779
0.058 0.010 0.012 0.920

, δ̂ =

0.0260.375
0.634
0.995


⊤

,

As in [6], we set Φ=0.1. We verified the internal stochastic
stability of all the optimal infinite-horizon linear-quadratic
regulators derived there, but in much less time, thanks to
smaller stability verification matrices and fewer computations
needed to find the transition probabilities. Table I compares
the Λ size in [6], n2

xM
2(L+1), and this paper’s n2

xM(L+1)
for each selected scenario, where Pe = 1 indicates no CSI

case (M = 1), Pe =

[
1 1 0 0
0 0 1 1

]⊤

represents the case of

partial observation of CSI using clusters (M=2), and Pe=I4
denotes the perfect CSI scenario (M = 4). As a reference,
computing ρ(Λ) for M = 4 on the same computer takes
less than a second with the method proposed in this paper,
whereas it takes over 98 seconds with the method in [6].
Both methods yield the same results (for example, ρ(Λ) =
0.999999552386 for nf = 0 and ρ(Λ) = 0.847248234365
for nf =1). This data emphasizes the practical significance
of the presented approach for verifying internal stochastic
stability. Finally, we tested the feasibility of LMIs (48) in
the MATLAB Robust Control Toolbox [20] using feasp.
As a reference, establishing stochastic stabilizability via (48)
took longer than 290 seconds for nf =1, yielding gains with
ρ(Λ) = 0.576992328678, and over 485 seconds for nf =0,
yielding gains with ρ(Λ)=0.9999999972. The feasibility of
(48) for such high ρ(Λ) values shows that this sufficient
condition is not overly conservative, making it especially
useful for integration into H∞ control synthesis problems.

VII. CONCLUSIONS

This paper proposed an advanced hidden Markov jump lin-
ear system model for discrete-time linear stochastic systems
that includes hybrid message dropout compensation and im-
perfect wireless channel state information. The model proved
effective in analyzing stabilizability and internal stability.
Additionally, LMI formulations were developed to verify

stochastic stabilizability and to design stabilizing feedback
controls, and the results were validated through a numerical
example. Future research may focus on applying this model
and framework to address H2 and H∞ control synthesis
problems.
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