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Robust Linear Quadratic Regulation Over
Polytopic Time-Inhomogeneous Markovian

Channels Under Generalized Packet
Dropout Compensation
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Abstract—This letter addresses a fundamental issue
of time-varying parametric uncertainty affecting unreliable
communication links that convey the control commands
to actuators in wireless networked control systems. It
introduces the polytopic time-inhomogeneous finite-state
Markov channel model to account for significant changes
in possible propagation channel characteristics and analyt-
ically solves the linear quadratic regulation problem under
the generalized packet dropout compensation. An example
validating the results is presented.

Index Terms—Control over communications, Markov
processes, robust control.

I. INTRODUCTION

W IRELESS networked control systems support countless
mission-critical applications in industrial automation,

intelligent transportation, remote surgery, and smart grids.
See, e.g., [1], [2], [3], and [4] as an overview of significant
recent advances in the related research. A fundamental topic in
wireless networked control research is estimation and control
over unreliable links, explored, e.g., in [5], [6], [7], [8], [9],
[10], [11], [12], [13], [14], [15], and [16].

The finite-state Markov channel (FSMC, see, e.g., [17]
and [18]) is a simple yet powerful analytical model capturing
the nominal dynamics of wireless links. These links are
strongly affected by environmental factors such as physical
obstacles and electromagnetic interference that can change sig-
nificantly when transmitters, receivers, or both are mobile. To
account for the resulting time-varying parametric uncertainty
due to environmental factors and random and systematic errors
of measurement and numerical computation procedures, we
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introduce a polytopic time-inhomogeneous (PTI) characteri-
zation of FSMCs inspired by the PTI models used in the
robust control of Markov jump systems, as presented, e.g.,
in [19], [20], and [21]. The PTI FSMC yields significant
complexity explicitly addressed in this letter.

An additional source of complexity is the generalized
control-packet dropout compensation (GC-PDC), requiring
actuators to apply an appropriately scaled last available control
input when the communication link (CL) corrupts the received
control command. This approach includes both zero-input and
hold-input PDC as notable cases and is particularly suitable for
less performant actuators that cannot zero the control inputs
immediately. This letter fundamentally differs from previous
works on GC-PDC, such as [13], [22], and [23], in considering
the PTI FSMC to govern the packet dropout dynamics instead
of a simple Bernoulli process, resulting in a much more
general and complex problem.

The contribution of this letter is twofold:
• It introduces the PTI FSMC model for robust control over

unreliable CLs and proves through Lemmas 1–3 that the
finite-state PTI structure is preserved under GC-PDC.

• It analytically solves in Theorem 1 the finite-horizon
linear quadratic regulation (LQR) problem under PTI
FSMC dynamics of CLs, one-time-step delayed channel
state information, and generalized PDC and explicitly
addresses its intrinsic complexity.

Under GC-PDC combined with PTI FSMC dynamics of CLs,
intermittent control inputs remain active for random periods,
whose probability comes from the product of matrices within
a polytopic set. Such a setting presents significant technical
challenges that require a tailored model of the closed-loop
system, careful handling of large growing set of coupled
matrix equations, and a detailed analysis of the PTI FSMC
properties involving even the joint spectral radius of matrix
set to ensure the existence of a tractable finite-state model.

This letter is organized as follows. Section II presents
the closed-loop system model accounting for white Gaussian
process noise and generalized PDC, introduces the PTI FSMC
representation of the CL dynamics, and formalizes the robust
LQR problem in the finite horizon. Section III derives the
structural properties of the considered system and presents
the main results. Section IV validates them with a numerical
example of an inverted pendulum on a cart. The final Section V
concludes this letter with an outlook on future work.
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Notation: R, Z
+, and Z

0+ denote the sets of reals and
positive and nonnegative integers, respectively. R

n indicates
the n-dimensional Euclidean space. The symmetric positive
definite and positive semi-definite matrices M are denoted by
M � 0 and M � 0. Then, M� indicates the transpose of a
matrix M. Finally, P represents the probability of an event,
and E denotes the expected value of a random variable.

II. SYSTEM MODEL AND PROBLEM DEFINITION

Consider a discrete-time linear system with intermittent
control inputs from the remote controller due to lossy com-
munication and generalized dropout compensation:{

xk+1 = Axk + Buk + wk,
uk = δkuc

k + (1 − δk)φuk−1,
(1)

where for all k ∈ Z
0+, xk ∈ R

nx and uk ∈ R
nu are the real-

valued system state and control input to actuators, A and B are
state and input matrices of appropriate size, and wk ∈ R

nx is a
white Gaussian process noise having zero mean and covariance
matrix �w. {δk} is a binary stochastic process that models the
packet loss between the controller and the actuators, and uc

k ∈
R

nu is the updated desired control input sent by the remote
controller. Upon correct delivery, uk = uc

k; otherwise, if the
desired control input is corrupted or lost, the actuators apply
a scaled version of an outdated control input, uk = φuk−1,
with φ ∈ [0, 1]. This generalized approach to control-packet
dropout compensation covers both the zero-input (φ = 0) and
hold-input (φ = 1) PDCs as notable cases.

Polytopic Markovian Channel Model: We model the dynam-
ics of the control-packet loss process {δk} in the wireless
propagation environment with the mobility of the transmitter,
receiver, or both as a PTI FSMC.

This channel has a fixed finite set S of states {si}N
i=1, each

characterized by predefined signal-to-interference-plus-noise
ratio (SINR) thresholds, which do not vary in time, so the
state number remains constant, and each channel state has a
specific packet dropout probability. A discrete-time Markov
chain {θk} determines the active channel state, whose packet
dropout probability and transition probabilities (TPs) depend
on the SINR dynamics that may be time-varying due to the
mobility of the transmitter, receiver, or both. Mobility may
significantly change the propagation channel characteristics
by varying, for instance, distances, movement velocities, and
relative positioning of obstacles in the environment. When
the variables defining the propagation channel characteristics
cannot be timely and accurately measured, the exact values
of the channel state transition and packet dropout probabil-
ities are unknown. However, the general knowledge of the
propagation environment and plant characteristics allows the
system designer to identify the range of possible values of
each relevant variable and use the PTI model. So, we formally
define the PTI FSMC as follows. For all k ∈ Z

0+,

P
(
θk = sj | θk−1 = si

) = pij(k) ≥ 0,

N∑
j=1

pij(k) = 1, (2)

P
(
δk = 1 | θk = sj

) = δ̂j(k), P
(
δk =0 | θk =sj

)=1−δ̂j(k). (3)

For notational convenience, group channel state TPs in the
transition probability matrix (TPM) Pc(k) � [pij(k)]N

i,j=1 and

the success (or, conversely, failure) probabilities of delivering
a packet at time k in the following matrices:

Ps(k) �
[
pij(k)δ̂j(k)

]N

i,j=1
, Pf (k) = Pc(k) − Ps(k). (4)

Assumption 1: The matrices Ps(k) and Pf (k) are PTI, i.e.,

∀k ∈ Z
0+, ∃{λvl(k)}Vl

vl=1 with λvl(k) ∈ R such that

λvl(k) ≥ 0,

Vl∑
vl=1

λvl(k) = 1, (5a)

where l ∈ {s, f } and Vl ∈ Z
+ so that

Ps(k) =
Vs∑

vs=1

λvs(k)Ps.vs , Pf (k) =
Vf∑

vf =1

λvf (k)Pf .vf , (5b)

where {Ps.vs}Vs
vs=1 and {Pf .vf }Vf

vf =1 are given finite sets of
matrices, which are the vertices of a convex polytopes, and
λvl(k) are unmeasurable.

Problem Statement: We cast a robust LQR problem as
a min-max problem of optimizing robust performance, i.e.,
finding the minimum over the finite-horizon state-feedback
law of the maximum over the TP disturbance (obtained under
the chosen feedback law). Similarly to [16], we make the
following common technical assumptions (with k ∈ Z

0+).
Assumption 2: The initial conditions (x0, θ0) are indepen-

dent random variables. For any k, the white Gaussian process
noise sequence {wk} is independent of the initial conditions x0
and θ0 and of the binary stochastic variable δk. The Markov
chain {θk} and the noise sequence {wk} are independent, too.

As detailed in [16], [18], and references therein, the wireless
receivers determine the message transmission outcome and
FSMC state and feed this information back to the respective
transmitters. In a wireless control system described by (1),
the controller is the transmitter that thus can access the
channel state information with one time-step delay. Hence, the
information set of a state-feedback controller is

Ik = {(xt)
k
t=0, (δt−1)

k
t=1, (θt−1)

k
t=1}. (6)

This letter solves the following optimization problem.
Problem 1: Given a system (1), find the optimal state-

feedback control law ǔc
T that minimizes the quadratic

functional cost of the closed-loop system over a finite-
time horizon T for the worst possible sequence of control
message transmission success and failure probabilities under
Assumptions 1 and 2 and information set (6).

Formally, let uc
T � (uc

k)
T−1
k=0 be a control law defined by a

sequence of FSMC-dependent state-feedback control inputs,

uc
k = K(k,θk−1)xk, (7)

and UT be the set of all such control laws. Furthermore, for
l ∈ {s, f }, let Pl|i•(k) indicate the ith row of Pl(k) so that PT �
(Pl|i•(t))T

t=1 denotes a control message transmission success
and failure probability sequence of length T , and PT indicates
the set of all such sequences. Then,

ǔc
T = arg min

uc
T∈UT

max
PT∈PT

J
(
x0,UT ,PT

)
, where (8)

J
(
x0,UT ,PT

) = E

(
T−1∑
k=0

(x�
k Qxk + u�

k Ruk) + x�
T QxT | I0

)
, (9)
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which is the cost function, and Q�0 and R�0 are given state-
weighting and input-weighting matrices, respectively. The cost
(9) weights the inputs to actuators, thus accounting for the
dropout compensation factor φ and the desired control law
uc

T ∈ UT and depending on the realizations of the stochastic
process {δk}, which obeys the PTI sequences PT ∈PT .

III. ROBUST LINEAR QUADRATIC REGULATION

To solve Problem 1 analytically, we first describe the system
(1) in the time instances in which actuators successfully
receive messages from controllers, then present the PTI struc-
ture of the related discrete state TPs, and finally exploit their
structural properties.

System States in Packet Delivery Time Instances: Count the
consecutive control message dropouts observed by a controller
at time step k in a stochastic variable �k.

�k = (1 − δk−1)(�k−1 + 1). (10)

�k = � ⇔ δk−1−� = 1 ∧ δk−t = 0 ∀t ∈ Z
+ : t ≤ �. (11)

Notably, if � = 0, then {t}0
t=1 = ∅, meaning that (11) becomes

�k = 0 ⇔ δk−1 = 1. Denote by T a set of time instances in
which actuators successfully receive the controller’s messages:

T � {k : δk = 1}k∈Z0+ = {τ(m)}m∈Z0+ . (12a)

From (10), (11), and (12a), for all m ∈ Z
0+,

τ(m) ∈ T ⇒ δτ(m)
= 1 ⇒ �τ(m)+1 = 0, (12b)

τ(m+1) = τ(m) + 1 + �τ(m+1)
. (12c)

For the notational convenience, for any k, n ∈ Z
0+, let

Φ(n) �
n∑

j=0

AjBφn−j, W(k,n) �
n∑

j=0

An−jwk+j. (13)

Then, from (10)–(13), the following equation describes the
dynamics of the system (1) with control inputs as in (7):⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

�τ(m+1)
= n ∈ Z

0+ ⇒ ∀h ∈ Z
0+ : h ≤ n,

xτ(m)+1+h = Ah+1xτ(m)
+ �(h)uτ(m)

+ W(τ(m),h),

uτ(m)+h = φhK(
τ(m),θτ(m)−1

)xτ(m)
.

(14)

System Model for LQR: To provide the stochastic charac-
terization of the above system dynamics, we group the current
duration of a packet error burst and the last known wireless
channel state in one augmented discrete state: ηk � (�k, θk−1).
Then, from (12),

ητ(m)
= (

�τ(m)
, θτ(m)−1

)
, (15a)

ητ(m+1)
=
(
�τ(m+1)

, θτ(m)+�τ(m+1)

)
, (15b)

where �τ(m+1)
indicates the time interval the transmitted con-

trol input may remain active. From the controller’s perspective,
ητ(m)

is known, while ητ(m+1)
is a random variable.

Lemma 1: For any pair of discrete states (15), it holds that

P

(
ητ(m+1)

= (n, sj) | ητ(m)
= (�, si)

)

= e�
i Ps

(
τ(m)

)∏n
t=1 Pf

(
τ(m) + t

)
eje

�
j Ps

(
τ(m+1)

)
1

e�
i Ps

(
τ(m)

)
1

, (16)

where ei and ej denote the ith and jth column vectors of the
standard basis of R

N (all their components are zero except
the ith for ei and jth for ej, and the nonzero element equals
one), and 1 indicates the column vector of length N with all
components equal one.

Proof: It follows from (2)–(4), (10)–(12), the conditional
probability definition, the chain rule of probability, the inde-
pendence of both δk and θk of δk−t ∀t ∈ Z

+, the Markov
property, and the law of total probability.

Remark 1: TPs in (16) are independent of �, i.e., the value
of �τ(m)

. So, (16) equals P(ητ(m+1)
= (n, sj) | θτ(m)−1 = si).

For the notational convenience, let

ς(τ(m),n,j) �
n∏

t=1

Pf
(
τ(m) + t

)
eje

�
j Ps

(
τ(m+1)

)
1 (17a)

denote the vector of probabilities of an n-length packet error
burst that ends with the FSMC being in state sj, and

ζ(τ(m),i,n,j) �
e�

i Ps
(
τ(m)

)
ς(τ(m),n,j)

e�
i Ps

(
τ(m)

)
1

(17b)

be the TP as in (16).
Lemma 2: For all τ(m) ∈ Z

0+, i, j, N ∈ Z
+, i, j ≤ N,

and an arbitrarily small threshold ε, under Assumption 1,
there always exists a maximal number of consecutive control
message dropouts L such that

L � arg min
n̂∈Z+

ζ(τ(m),i,n̂+1,j) < ε. (18)

Proof: See Appendix.
We group the augmented discrete state unique TPs in the

following compact TPM:

Z
(
τ(m)

)
�
[
ζ(τ(m),i,n,j)

]N,(L+1)N

i,γ (n,j)=1
, γ (n, j) � nN + j, (19)

and constructing a complete TPM of (16) is unnecessary since
it would just repeat each row of Z(τ(m)) L times.

Lemma 3: Under Assumption 1, Z(k) is PTI ∀k ∈ Z
0+.

Proof: See Appendix.
Remark 2: The number of vertices that define Z(k) may

be significantly smaller thanV2
s VL

f since the matrix product of
two vertices defining polytopic matrix sets may produce an
interior point of a new set [24, Sec. 2.3]. We can obtain all the
vertices of Z(k) by recursively finding and removing from the
vertex representation above the interior points (via, e.g., linear
programming). Let {Zvζ }Vζ

vζ =1 denote the minimal set defining
the vertex representation of Z(k). Then,

Z(k) =
Vζ∑

vζ =1

λ̂vζ (k)Zvζ , Zvζ = [
ζ(i,n,j).vζ

]N,(L+1)N
i,γ (n,j)=1, (20a)

λ̂vζ (k) ≥ 0,

Vζ∑
vζ =1

λ̂vζ (k) = 1, ζ(i,n,j).vζ
= e�

i Ps.v1ς(n,j).vζ

e�
i Ps.v1 1

,(20b)

ς(n,j).vζ
=

n∏
t=1

Pf .vt+1 eje
�
j Ps.vn+2 1 (20c)

for all k ∈ Z
0+ and some vι, with ι ∈ Z

+, ι ≤ n + 2, n ∈ Z
0+,

and n ≤ L, such that Pl.vι ∈ {Pl.vl}Vl
vl=1, l ∈ {s, f }.

Remark 3: The recursive derivation of the set {Zvζ }Vζ

vζ =1
does not require the prior knowledge of L: the recursion in n
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stops once each component ζ(i,n+1,j).vζ
< ε ∀i, j ≤ N, vζ ≤ Vζ ,

and arbitrarily small ε, so n = L.
Analytical Solution of Problem 1
Theorem 1: For all k ∈ Z

0+ such that k < T and any value
si ∈ S of θk−1, the solution to Problem 1 is the following.

K(k,si) = −B−1
(k,si).�k

C(k,si).�k , (21a)

C(k,si).�k =
L−ξk∑
h=0

q(i,h).v̂ζ

h∑
r=1

Φ�
(r−1)QAr

+
L−ξk∑
h=0

N∑
j=1

ζ(i,h,j).v̂ζ
Φ�

(h)X(k+1+h,sj).�k+1+h
Ah+1, (21b)

B(k,si).�k = R +
L−ξk∑
h=0

q(i,h).v̂ζ

h∑
r=1

φ2rR +
L−ξk∑
h=0

q(i,h).v̂ζ

h∑
r=1

Φ�
(r−1)QΦ(r−1)

+
L−ξk∑
h=0

N∑
j=1

ζ(i,h,j).v̂ζ
Φ�

(h)X(k+1+h,sj).�k+1+h
Φ(h), (21c)

X(k,si).�k = A(k,si).�k − C�
(k,si).�k

B−1
(k,si).�k

C(k,si).�k , (21d)

A(k,si).�k = Q +
L−ξk∑
h=0

N∑
j=1

ζ(i,h,j).v̂ζ

(
Ah+1

)�X(k+1+h,sj).�k+1+h
Ah+1,

+
L−ξk∑
h=0

q(i,h).v̂ζ

h∑
r=1

Ar�QAr (21e)

q(i,h).v̂ζ
=

N∑
j=1

ζ(i,h,j).v̂ζ
, ξk � max{0, k + 1 + L − T} (22)

so that ξT−1 = L, and ξk = 0 for all k < T − L.

X(T,si).�T = Q. (23)

The optimal cost is

J(x0) = x�
0

⎛
⎝ N∑

i=1

ϑi X(0,si).�0

⎞
⎠x0 +

N∑
i=1

ϑi g(0,si).�0 , (24)

where {ϑi} indicates the initial probability distribution of the
FSMC’s states, and, by convention, θ−1 = θ0, so that

ϑi � E
(
1{θ0=si}

) = E

(
1{θ−1=si}

)
, (25)

g(k,si).�k =
L−ξk∑
h=0

N∑
j=1

e�
i ς(h,j).v̂ζ

⎛
⎝ h∑

r=1

r−1∑
ν=0

tr
(

Aν�QAν�W

)
+ g(k+1+h,sj).�k+1+h +

h∑
ν=0

tr
(

Aν�X(k+1+h,sj).�k+1+h Aν�W

)⎞⎠, (26a)

g(T,si).�T = 0. (26b)

Proof: See Appendix.
Remark 4: In (21), (24), and (26a), �k indicates the com-

bination of the vertices of Z(k) leading to the optimal
robust cost. �T−1 consists of up to V2

s vertices that may
produce the terminal cost, �T−2 comprises up to V2

s Vf ver-
tices for each vertex in �T−1, and �k may have up to
Vζ vertices combined with all those defining subsequent
combinations up to �k+1+L. Thus, pruning redundant solu-
tions is essential for limiting the combinatorial growth of
involved equations. See, e.g., [25, Sec. 4] and [20, Sec. 3] for
pruning methods based on convex combinations and positive
semidefiniteness.

Fig. 1. The PTI FSMC evolution. From top to bottom: �k , θk , λ1(k).

Fig. 2. The system state evolution: xk = [x1(k) x2(k)]�.

Fig. 3. The selected control gains K(k ,θk−1) = [K1(k) K2(k)].

IV. NUMERICAL EXAMPLE

Consider a linearized model of an inverted pendulum on a
cart [26]:

A =
[

1.0078 0.0301
0.5202 1.0078

]
, B =

[−0.0001
−0.0053

]
.

The cart moves within the 60 cm range perpendicularly to
a stationary controller. This movement continuously changes
wireless link characteristics. The controller is 5 m from the
cart’s nominal point and uses ISA-100a communication with
a sampling frequency of 12 Hz. The two extreme FSMCs
derived as in [18] correspond to the minimal and maximal
distances between communicating parties:

Pc.1 =
[

0.069600 0.930400
0.044755 0.955245

]
, Pc.2 =

[
0.070018 0.929982
0.045070 0.954930

]
,

δ̂.1 = [
0.082166 0.993864

]
, δ̂.2 = [

0.082068 0.993828
]
.

Let T = 30 s. Fig. 1 shows an example of the corresponding
PTI FSMC evolution and message dropout count.

Let ε = 10−7 so that L = 5, and V2
s VL

f = 128. Consider
the following weighting and noise covariance matrices.

Q =
[

0.5 0
0 4

]
, R = 0.008, �w = 10−9

[
2.5 0
0 2.5

]
.

Fig. 2 shows the evolution of the closed-loop system state
under the proposed control law obtained from Theorem 1 for
φ = 0.5. After pruning the redundant solutions, as in [25],
the controller must choose between only two gains at each
time step. E.g., K(1,1) = [184.899882 48.596296], and K(1,2) =
[184.897046 48.595595]. Fig. 3 shows the selected control
gains.

V. CONCLUSION

This letter introduced a PTI FSMC model of lossy com-
munication links used in wireless networked control systems
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and analytically solved the related robust LQR problem under
generalized packet dropout compensation. Possible future
work includes addressing the remote system state estimation,
imperfections in the communication channel state estimation,
infinite-horizon issues, and more complex control strategies
such as constrained model predictive control.

APPENDIX

Proof of Lemma 2: Note from (2)–(4) that Ps(k) and Pf (k)
are always strictly substochastic. In other words, if Pl|ij(k)
indicates the (i, j) element of Pl(k), with l ∈ {s, f }, then
Pl|ij(k) ≥ 0, and

∑N
j=1 Pl|ij(k) < 1, ∀k ∈ Z

0+, i, j, N ∈ Z
+,

and i, j ≤ N. The matrix product of strictly substochastic
matrices is itself strictly substochastic [27, Th. 2.2] and,
thus, has a spectral radius of less than one [28, Th. 8.1.22].
Consequently, under Assumption 1, the joint spectral radius
of the finite set of matrices {Pl.vl}Vl

vl=1 is less than one [29, Th.
1], [30], and all matrix products of length n among matrices
defined by (5) converge to the zero matrix as n → ∞ [31,
Th. I(b)]. Specifically, if 0 indicates the zero matrix of size
N × N,

lim
n→∞

n∏
t=1

Pf
(
τ(m) + t

) = 0 ∀τ(m) ∈ Z
0+. (27)

Furthermore, all these infinite products converge uniformly
at a geometric rate [32, Th. 4.1]. From (17) and (27), for
big enough values n̂ of a packet error burst �τ(m+1)

, the
probabilities ζ(τ(m),i,n̂,j) become negligible, and (18) follows.

Proof of Lemma 3: The result follows from (5), (17),
(19), the distributive property of the matrix product, and the
commutative property of the product of matrices and real
scalars. Formally, Z(k) =

Vs∑
v1=1

Vf∑
v2=1

· · ·
Vf∑

vL+1=1

Vs∑
vL+2=1

L+1∏
d=0

λv1+d (k + d)

[
e�

i Ps.v1

∏n
t=1 Pf .vt+1 eje

�
j Ps.vn+2 1∑Vs

v1=1 λv1(k)e
�
i Ps.v1 1

]N,(L+1)N

i,γ (n,j)=1

i.e., a convex combination of up to V2
s VL

f matrices.
Proof of Theorem 1: We use the dynamic programming

approach in Bellman’s optimization formulation [33]. ∀k ∈
Z

0+, k < T , let uc
T−k � (uc

t )
T−1
t=k be a control law

defined by a sequence of T − k control inputs satisfying
(7), and UT−k be the set of all such control laws. For
l ∈ {s, f }, let PT−k � (Pl|i•(t))T

t=k+1 denote a control
message transmission success and failure probability sequence
of length T − k and PT−k indicate the set of all such
sequences. Then, we define the cost-to-go as J(xk, θk−1) =

min
uc

T−k∈UT−k

max
PT−k∈PT−k

J(xk, θk−1,UT−k,PT−k),

J
(
x k, θ k−1,UT−k ,PT−k

)
� E

(
T−1∑
t=k

(
x�

t Qxt+u�
t Rut

)
+x�

T QxT | Ik

)
(28)

so that k = 0 provides the optimal cost: from (6), (25), (28),
and the tower property of the conditional expectation, J(x0) =
E(J(x0, θ−1) | x0) = ∑N

i=1 ϑi J(x0, si).
We rely on the backward induction to obtain the explicit

expressions of the cost-to-go and the related optimal robust
state-feedback law. We consider the following cost-to-go:

J(xk, θk−1) = x�
k X(k,θk−1).�k

xk + g(k,θk−1).�k
, (29)

where X(k,θk−1).�k � 0 and g(k,θk−1).�k ≥ 0. The optimal law
ǔc

T from (8) provides the following terminal cost. From (6),

J(xT , θT−1) = E

(
x�

T QxT | IT

)
= x�

T QxT . (30)

Hence, (29) holds in the base case. With θT−1 = si, (30)
implies (23) and (26b) for any si ∈ S .

For the induction step, we assume (29) holds for

k + 1 = min{τ(m+1), T}, (31)

where τ(m+1) indicates the time instance of the first successful
control message transmission following an arbitrary k that may
exceed the time horizon T . Let τ(m) indicate the time instance
of the last successful control message transmission preceding
k + 1. From (12) and (31),

k = min{τ(m) + �τ(m+1)
, T − 1}, (32)

where �τ(m+1)
is a discrete stochastic variable. From (28) and

the tower property of the conditional expectation,

J
(
xτ(m)

, θτ(m)−1
) = min

uc
T−τ(m)

∈UT−τ(m)

max
PT−τ(m)

∈PT−τ(m)

E

⎛
⎝ k∑

t=τ(m)

(x�
t Qxt + u�

t Rut) + J(xk+1, θk) | Iτ(m)

⎞
⎠.

From wk being a white Gaussian process with zero mean and
covariance matrix �w in (1), the inductive hypothesis, linearity
of the expectation, (6), (7), (12)–(14), (32), Assumption 2, and
the cyclic property of the trace, we have (33), shown at the
top of the page.

Notice that τ(m) ≤ T − 1. From (18) and (32), k − τ(m)

is a bounded discrete stochastic variable: min(k − τ(m)) =
0 and max(k − τ(m)) = min{L, T − 1 − τ(m)}. Thus, let
ξτ(m)

� max{0, τ(m) + 1 + L − T} so that max(k − τ(m)) =
L − ξτ(m)

. Then, from (15)–(17) and Remark 1, ∀ PT−τ(m)
∈

PT−τ(m)
, the matrix differentiation of (33) in K(τ(m),si) leads

to (21)–(22), and (26a), with τ(m), ζ(τ(m),i,n,j), q(τ(m),i,n), and
ς(τ(m),n,j) instead of k, ζ(i,n,j).v̂ζ

, q(i,n).v̂ζ
, and ς(n,j).v̂ζ

. From
Assumption 1 and Lemma 3, all PT−τ(m)

, ζ(τ(m),i,n,j), q(τ(m),i,n),
and ς(τ(m),n,j) are PTI. By the distributive property of the matrix
product, commutative property of the product of matrices and
real scalars, (5), and (20), Jensen’s inequality [34, Th. 4.3]
holds for the cost-to-go in τ(m) taken as a function of only
PT−τ(m)

. Consequently, the cost-to-go is a convex function in
variable PT−τ(m)

, that belongs to a polytopic set. By [34, Th.
32.2], the maximum in PT−τ(m)

of the cost-to-go is attained
on a vertex of the convex polytope defining PT−τ(m)

. From
Lemma 3 and Remark 2, the relevant vertex is among Vζ

vertices that define Z(τ(m)), ζ(i,n,j).vζ
, q(i,n).vζ

and ς(n,j).vζ
. So,

let �τ(m) indicate the combination of the vertex v̂ζ achieving
the cost-to-go at τ(m) and the vertices providing the cost-to-go
in the following steps up to k + 1. At each transmission time,
the controller selects the gain (21a), assuming the actuators
receive it successfully, and τ(m) formalizes this assumption via
(12a). Control inputs preceding the current one account for the
possibility of its unsuccessful transmission. Rewriting the cost-
to-go in k instead of τ(m) results in (29), with its components
defined by (21), (22), and (26a). From (34), shown at the top
of the page, X(k,si).�k � 0. As a covariance matrix, �w � 0, so
g(k,si).�k ≥ 0 since the trace of the product of positive semi-
definite matrices is nonnegative.
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J
(
xτ(m)

, θτ(m)−1 = si
) = min

K(τ(m),si)
max

PT−τ(m)
∈PT−τ(m)

⎛
⎝x�

τ(m)

⎛
⎝E

⎛
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⎠
⎞
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⎞
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X(k,si).�k = Q +
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h=0
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(
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)�
Q
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