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Abstract—This letter presents a framework for designing
optimal state-feedback control that uses a wireless actua-
tion link with imperfect channel state information to transfer
the current and future control inputs that actuators can
apply if future control messages are lost. The dropout com-
pensation strategy supports scaling inputs to actuators
when necessary. We analytically solve finite- and infinite-
horizon control problems and present a necessary and
sufficient stability condition for any given infinite-horizon
state-feedback control law. We validate the results using an
illustrative example.

Index Terms—Control over communications, Markov
processes.

I. INTRODUCTION

W IRELESS networked control systems (WNCSs), with
their mission-critical applications in intelligent trans-

portation, industrial automation, smart grids, and telesurgery,
are a significant area of interest for both industry and
academia, as highlighted in [1], [2], and [3]. Estimation and
control over unreliable links are key topics of WNCS research,
as discussed in [1], [3], [4], and references therein.

An essential research outcome of [4] and [5] is that
accurate and timely knowledge of the communication link
conditions can substantially improve closed-loop performance.
However, perfect wireless channel state information (CSI) may
be difficult to achieve in realistic communication scenarios,
so only imperfect or statistical CSI may be available in
practice, see [6], [7], and [8]. Another potential limitation of
the results in [4] and [5] is computing and transmitting only
the current control input. The model predictive control (MPC)-
based algorithms outlined in [3] instead rely on transferring
a sequence of future control inputs that actuators can use
if future control messages are lost. This approach increases
processing and transmission delays, message loss probabilities,
and network traffic due to message size growth. The number of
future control inputs to transfer becomes a significant design
parameter, balancing the adverse effects of increased message
size and the benefits of improved control inputs. This letter
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presents a framework for studying this trade-off under imper-
fect CSI and a hybrid message dropout compensation (MDC)
scheme that combines transmitting multiple control inputs and
scaling inputs to actuators when necessary. We incorporate CSI
uncertainties using the detector-based approach of [9] and [10],
which we extend to the one-time-step delayed channel state
observation setting of [4] and [5], where finite-state Markov
channels (FSMCs, see [11]) model the dynamics of wireless
links. Thus, we substantially extend the results of [4] to a
highly general unconstrained setting.

The contribution of this letter is threefold.
1) We present a practical hidden Markov jump linear

system (HMJLS) model of discrete-time linear stochastic
systems with hybrid MDC and imperfect CSI.

2) We derive finite- and infinite-horizon linear–quadratic
regulators and introduce a necessary and sufficient
stability condition for any given infinite-horizon state-
feedback (SF) control law that requires computing the
spectral radius of a stability verification matrix.

3) We validate the theoretical results on numerical exam-
ples showcasing the impact of the number of transmitted
anticipative control inputs and CSI uncertainties.

Notation: R, Z+, and Z
0+ indicate the sets of reals and pos-

itive and nonnegative integers. Rn indicates the n-dimensional
Euclidean space. The symmetric positive definite and positive
semidefinite matrices Z are denoted by Z � 0 and Z � 0.
Z� indicates the transpose of a matrix Z. ρ(Z) is the spectral
radius of a square matrix Z. P represents the probability of an
event, and E denotes the expected value of a random variable.
IN indicates the identity matrix of size N.

Throughout this letter, N indicates the number of FSMC
states, and M is the number of detector outputs, with M ≤
N. Furthermore, ei denotes the column vector of the standard
basis of RN : all its components are zero except the ith, which
equals one. The column vectors of the standard basis of R

M

are denoted by êμ, with μ ∈ Z
+, μ ≤ M. In addition, ⊕

indicates the direct sum that produces a diagonal matrix with
the addends becoming elements on the main diagonal. ⊗ is the
Kronecker product. Finally, 0 and 1 are vectors of appropriate
size with all elements equal to zero and one, respectively.

This letter is organized as follows. Section II presents the
preliminaries and motivation examples for the practical use
of the detector-based approach. Section III formalizes the
system model and defines the control problem. Section IV
introduces an equivalent model of the closed-loop system.
Sections V–VII address the finite-horizon optimal SF control,
closed-loop system stability, and infinite-horizon optimal SF
control. Section VIII validates the results in a numerical
example, and Section IX concludes this letter.
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II. PRELIMINARIES AND MOTIVATION EXAMPLE

In a WNCS setting, controllers use wireless links to transmit
control messages to actuators. Similarly, sensors transmit their
measurements to controllers wirelessly. Wireless links exhibit
a time-varying behavior captured well by FSMC models.

Any FSMC has a finite set of states S � {si}N
i=1. Each

state can be characterized by predefined signal-to-interference-
plus-noise ratio (SINR) thresholds and a corresponding packet
dropout probability [12]. A discrete-time Markov chain {θk}
dictates the active channel state, whose packet dropout prob-
ability and transition probabilities (TPs) depend on the SINR
dynamics. We formally define an FSMC as follows: ∀k ∈ Z

0+,

P
(
θk = sj | θk−1 = si

) = pij ≥ 0,
N∑

j=1

pij = 1, (1)

P
(
δk = 1 | θk = sj

) = δ̂j, P
(
δk = 0 | θk = sj

) = 1 − δ̂j, (2)

where {δk} is a binary stochastic process that models the packet
loss between transmitter and receiver.

For notational convenience, we group channel state TPs in
the transition probability matrix (TPM) Pc � [pij]N

i,j=1 and the
success (or, conversely, failure) probabilities of delivering a
packet at time k in the following matrices:

Ps �
[
pijδ̂j

]N

i,j=1
, Pf = Pc − Ps. (3)

We also indicate the channel state probability at time k as

P(θk = si) = πi(k). (4)

Wireless receivers perform CSI measurements that may be
fed back to the transmitters. In the sensing links, the controller
is the receiver with direct access to the measured CSI. In the
actuation links, the controller is the transmitter. It can typically
access the measured CSI using a reporting mechanism similar
to acknowledgment (ACK) of transmission outcomes, which
introduces a delay. This delay makes the optimal SF control
problem the main challenge in the unconstrained output
feedback control over FSMC links [5]. Consequently, this
letter focuses on the unconstrained SF control problem that
explores the impact of the actuation link’s CSI measurement
noise, including particular cases of partial or no observation
of FSMC states. We adopt the detector-based approach as
follows.

Let θ̂k ∈ {ŝμ}M
μ=1 denote the measured CSI, which is the

output of a detector with an emission probability matrix (EPM)

Pe �
[
αiμ
]N,M

i,μ=1, (5a)

P

(
θ̂k = ŝμ | θk = si

)
= αiμ ≥ 0,

M∑

μ=1

αiμ = 1. (5b)

M ≤ N encompasses the following particular cases:
• Perfect CSI: M = N and Pe = IN so that θk is known.
• No CSI: M = 1 and Pe = 1 so that θk is unknown.

Furthermore, the case of partial observation with clusters is
also well represented by a detector with M < N, see [9].

In the WNCS setting, we can rely on CSI based on SINR
measurements γ̂k, where θ̂k = ŝμ ⇔ γ̂k ∈ [β̂μ−1, β̂μ), with
β̂μ−1 and β̂μ indicating the detector’s SINR thresholds. Since
γ̂k ∈ [0,+∞), β̂0 = 0, and β̂M = +∞. CSI measurements
may be affected by measurement noise ωk, i.e.,

γ̂k = γk + ωk, (6)

where γk denotes the nominal SINR that drives the FSMC:
θk = si ⇔ γk ∈ [βi−1, βi), where βi−1 and βi are the SINR
thresholds of a FSMC. γk ∈ [0,+∞), β0 = 0, and βN = +∞.

As a motivation example with significant practical relevance,
we consider ωk ∼ N (0, σ 2

ω) and M ≤ N. Depending on
the characteristics of the wireless propagation environment,
γk can have lognormal, Rayleigh, Rice, or Nakagami distri-
butions [13]. Let fγ (z) be the probability density function of
γk.

αiμ =
∫ βi
βi−1

(
Q( β̂μ−1−z

σω
)− Q( β̂μ−z

σω
)

)
fγ (z)dz

∫ βi
βi−1

fγ (z)dz
, (7)

where Q(·) indicates the Q-function. For any given σω, fγ (z),
and thresholds {β̂μ}M−1

μ=1 and {βi}N−1
i+1 , the values of αiμ can be

found numerically using (7).
For notational convenience, we define the diagonal matrices

Pπ (k) =
N⊕

i=1

πi(k), Pα(μ) =
N⊕

i=1

αiμ. (8)

III. SYSTEM MODEL AND PROBLEM DEFINITION

In this letter, we consider a discrete-time linear system

xk+1 = Axk + Buk + wk, (9)

where ∀k ∈ Z
0+, xk ∈ R

nx and uk ∈ R
nu are the system state

and control input to actuators, A and B are state and input
matrices of appropriate size, and wk ∈ R

nx is a white Gaussian
process noise having zero mean and covariance matrix �w.

The controller sends a control message ûk comprising the
current input and nf ∈ Z

0+ future inputs, to account for pos-
sible control message dropouts after the current transmission:

ûk =
([

ū�
(k+f |k)

]nf

f =0

)�
=
[
ū�
(k|k), . . . , ū�

(k+nf |k)
]�
. (10)

If the control message dropout interval is longer than the
number of anticipated control inputs nf , the actuators apply the
generalized control MDC at the last available control input.
Specifically, this input is multiplied by a matrix Φ = ⊕nu

i=1 φi,
with 0 ≤ φi ≤ 1. The actuator inputs are obtained as follows.

uk = Fũk, F � ẽ�
1 ⊗ Inu, (11)

ũk = δkûk + (1 − δk)Hũk−1, ũ−1 = 0, (12)

H �
nf∑

i=1

ẽi ⊗ ẽ�
i+1 ⊗ Inu + ẽnf +1 ⊗ ẽ�

nf +1 ⊗Φ. (13)

ẽi indicates the column vector of the standard basis of Rnf +1.
uk in (11) extracts the first nu elements from the buffer ũk
described by (12). If a control message is received success-
fully, δk = 1, and the buffer stores the message. Otherwise, the
buffer performs a linear transformation of its content through
the matrix H. This transformation deletes the first nu elements,
moves all the remaining elements by nu positions upwards,
multiplies the last nu elements by Φ, and stores the result at
the bottom of the buffer.

Fig. 1 summarizes this closed-loop system architecture.
Similar to [4], [5], and references therein, we make the

following technical assumptions:
A.1) The initial conditions x0 and θ0 are independent.
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Fig. 1. The closed-loop system architecture. The square blocks
indicate the main components, and the shaded circles reference the
related equations. A wireless link delivers SF control inputs to the
actuators. The receiver measures the link state θk and communicates
the measurement θ̂k with the transmission outcome δk to the controller.

A.2) The process noise {wk} is independent of the initial state
x0 and the binary stochastic process {δk}.

A.3) The process noise {wk} and the discrete-time Markov
chain {θk} are independent.

A.4) {θk} is ergodic. Its steady-state probability distribution
is π(∞) = [πi(∞)]N

i=1, where πi(∞) = limk→∞ πi(k).
The controller information set for the computation of the

current and future control inputs in (10) is the following.

Ik =
{
(xt)

k
t=0, (δt−1)

k
t=1,

(
θ̂t−1

)k

t=1

}
. (14)

In particular, the controller can obtain the CSI detected by the
actuator’s receiver, not the actual state of the FSMC. Moreover,
as a transmitter, the controller does not measure CSI and
cannot know the outcome of a control message transmission
before sending it. This information comes from the actuator’s
receiver with a time-step delay.

Let T ∈ Z
+ ∪ {∞} denote a control time horizon. u

nf
T is a

sequence of length T of control messages as in (10) such that

ū(k+f |k) = K(
k+f ,θ̂k−1

)xk. (15)

Unf
T denotes the set of all possible sequences defined by u

nf
T .

The following optimization problem defines the LQR (linear–
quadratic regulation) paradigm:

û
nf
T = arg min

u
nf
T ∈Unf

T

JT

(
x0,U

nf
T

)
, (16)

where JT(·) is a cost function defined as follows for any given
pair of state-weighting and input-weighting matrices Q � 0
and R � 0 of appropriate size. For T < ∞,

JT

(
x0,U

nf
T

)
� E

(

x�
T QxT +

T−1∑

k=0

x�
k Qxk + u�

k Ruk | I0

)

. (17)

JT(·) weights the inputs to the actuators, which depend
via (11)–(13) on u

nf
T , {δk}, and Φ. For T = ∞,

J∞
(

x0,U
nf∞
)

= lim sup
T→∞

1

T
JT

(
x0,U

nf
T

)
. (18)

This letter solves the following design problem.
Problem 1: Given a system (9)–(13), design a controller

that minimizes the cost (17) or (18) under assumptions A.1)–
A.4) and the information set (14).

To analytically solve the problem (16) in the FSMC setting
with the measured CSI, we first derive an equivalent HMJLS
representation of (9)–(13), as detailed next.

IV. HIDDEN MARKOV JUMP LINEAR SYSTEM MODEL

The system (9)–(13) trajectories depend on realizations of
the stochastic process {δk}. At time k, the controller sees the
realizations of {δk} through ACK messages from actuators,
which arrive with a delay of one step, as formalized by (14).
We count the number of consecutive negative ACK messages
in a stochastic variable �k:

�k = (1 − δk−1)(�k−1 + 1). (19)
�k = � ⇔ δk−1−� = 1 ∧ δk−t = 0 ∀t ∈ Z

+ : t ≤ �. (20)

If � = 0, then {t}0
t=1 = ∅, that is, �k = 0 ⇔ δk−1 = 1. Let T

denote the set of time instances in which actuators successfully
receive control messages:

T � {k : δk = 1}k∈Z0+ = {τ(m)}m∈Z0+ . (21a)

From (19), (20), and (21a), for all m ∈ Z
0+,

τ(m) ∈ T ⇒ δτ(m) = 1 ⇒ �τ(m)+1 = 0, (21b)
τ(m+1) = τ(m) + 1 +�τ(m+1) . (21c)

From (10) and (15),

ûk = K̂(
k,θ̂k−1

)xk, K̂�(
k,θ̂k−1

) =
[

K�(
k+f ,θ̂k−1

)

]nf

f =0

. (22)

For the notational convenience, for any k, h ∈ Z
0+, let

Ψ(h) �
h∑

i=0

Ah−iBFHi, W(k,h) �
h∑

i=0

Ah−iwk+i. (23)

Proposition 1: The system (9)–(13) with {δk} governed
by (1) and (2) and an arbitrary control strategy satisfying
(15) is trace-equivalent to the following system, where the
components and time instances are defined by (19)–(23).
⎧
⎨

⎩

�τ(m+1) = n ∈ Z
0+ ⇒ ∀h ∈ Z

0+:h ≤ n,

xτ(m)+1+h =
(

Ah+1 + Ψ(h)K̂(τ(m),θ̂τ(m)−1)

)
xτ(m) + W(τ(m),h).

(24)

Proof: By construction, (19)–(24) describe the dynamics of
the system (9)–(13) constrained by (15).

Remark 1: The trace equivalence in Proposition 1 means
that for any given initial system state x0, the control law
that satisfies (10) and (15), and the realization of (δt)

τm+n
t=0

and (wt)
τm+n
t=0 , the states xτ(m) and xτ(m)+1+h obtained from (9)

and (24) will be the same ∀h ∈ Z
0+ such that h ≤ n.

To provide a stochastic characterization of the system
dynamics (24), we group the current duration of a packet error
burst and the last observed CSI in an augmented discrete state:

ηk �
(
�k, θ̂k−1

)
. (25a)

From (21),

ητ(m) =
(
�τ(m) , θ̂τ(m)−1

)
, (25b)

ητ(m+1)
=
(
�τ(m+1) , θ̂τ(m)+�τ(m+1)

)
, (25c)

where �τ(m+1) indicates the time interval the transmitted con-
trol input may remain active. From the controller’s perspective,
ητ(m) is known, while ητ(m+1)

is a random variable.
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Theorem 1: For any given pair of states (25b) and (25c),

P

(
ητ(m+1)

= (n, ŝν) | ητ(m) = (�, ŝμ)
)

= ê�
μP�

e Pπ (τ (m)− 1)PsPn
f Pα(ν)Ps1

ê�
μP�

e Pπ (τ (m)− 1)Ps1
� ζ(τ(m),μ,n,ν). (26)

Proof: It relies on tedious computations that use (1)–
(5), (19)–(21), the conditional probability definition, the chain
rule of probability, the δk independence of δk−t, θ̂k, θ̂k−t, and
θk−t ∀t ∈ Z

+, the θ̂k independence of θk−t, θ̂k−t, δk, and δk−t,
the θk independence of θ̂k−t, δk, and δk−t, the Markov property,
the law of total probability, and the commutative property of
the intersection of sets.

Remark 2: The TPs in (26) are independent of �, the value
of �τ(m) : ζ(τ(m),μ,n,ν) = P(ητ(m+1)

= (n, ŝν) | θ̂τ(m)−1 = ŝμ).
Corollary 1: In the perfect CSI case, (26) becomes

P

(
ητ(m+1)

= (n, ŝν = sj) | ητ(m) = (�, ŝμ = si)
)

= e�
i PsPn

f eje�
j Ps1

e�
i Ps1

. (27)

Proof: Under perfect CSI, M = N and Pe = IN so that
ê�
μP�

e = e�
i IN = e�

i , e�
i Pπ (τ (m) − 1) = e�

i πi(τ(m) − 1) =
πi(τ(m) − 1)e�

i , and Pα(ν = j) = eje�
j .

Remark 3: In the particular case of perfect CSI, (26)
reduces to (27), which corresponds to the TP in [4, eq. 19].

Proposition 2: For all τ(m) ∈ Z
0+, μ, ν,M ∈ Z

+, μ, ν ≤
M, and an arbitrarily small threshold ε, there always exists a
maximal number of consecutive control message dropouts L
such that

L � arg min
n̂∈Z+

ζ(τ(m),μ,n̂,ν) < ε. (28)

Proof: From (1)–(3), the matrix Pf is strictly substochastic.
From [14, Ths. 8.1.22 and 5.6.12], it is convergent. For large
enough values of n̂, terms ζ(τ(m),μ,n̂,ν) become negligible.

V. FINITE-HORIZON LINEAR–QUADRATIC REGULATION

Theorem 2: The solution to Problem 1 in the finite-horizon
setting defined by the cost (17) is (29)–(38).

K̂(k,ŝμ) = −B−1
(k,ŝμ)

C(k,ŝμ). (29)

Eqs. (30)–(33) are shown at the bottom of the next page.

X(k,ŝμ) = A(k,ŝμ) − C�
(k,ŝμ)

B−1
(k,ŝμ)

C(k,ŝμ). (34)

X(T,ŝμ) = Q, g(T,ŝμ) = 0. (35)

ξk � max{0, k + 1 + L − T} (36)

so that ξT−1 = L, and ξk = 0 ∀k < T − L. The optimal cost

J�T(x0) = x�
0

⎛

⎝
M∑

μ=1

X(0,ŝμ)ϑμ

⎞

⎠x0 +
m∑

μ=1

g(0,ŝμ)ϑμ. (37)

ϑμ =
N∑

i=1

αiμπi(0). (38)

Proof: Propositions 1 and 2 and Theorem 1 serve as the
foundation of the proof, which follows the steps of the proof
of [4, Th. 9] and relies on the technical assumptions A.1)–A.3)
and tedious computations that are omitted due to the length
restriction of a letter.

VI. CLOSED-LOOP SYSTEM STABILITY CONDITIONS

An infinite-horizon LQR aims to guarantee the convergence
of the system’s state to an equilibrium point. This goal can
be achieved only for stabilizable systems, which are formally
defined as follows. Let K̂

(∞,θ̂k−1)
denote the time-invariant

version of the SF gain in (15), i.e.,

K̂�(
∞,θ̂k−1

) =
[

K�(
f ,θ̂k−1

)

]nf

f =0

, ûk = K̂(∞,θ̂k−1

)xk. (39)

Definition 1: A system defined by (9)–(13) and (1)–(5) is
stabilizable by an SF controller with one-time-step delayed
access to the CSI measurements if, for any initial condition
(x0, θ0) and each detected CSI ŝμ, there exists a gain K̂(∞,ŝμ),
such that ûk = K̂

(∞,θ̂k−1)
xk is a stabilizing control message.

Definition 2: A system defined by (9)–(13), (1)–(5),
and (39) is mean-square stable (MSS) if there exist equilibrium
points xe and Xe, independent from the initial condition
(x0, θ0), such that the following holds ∀(x0, θ0):

lim
k→∞ ‖E(xk)− xe‖ = 0, lim

k→∞

∥
∥∥E
(

xkx�
k

)
− Xe

∥
∥∥ = 0. (40)

In (40), ‖ · ‖ indicates an arbitrary matrix norm.
To derive the stabilizability conditions, we specialize the

approach of [4, Section 5] to the HMJLS setting. Due to length
restrictions, we focus only on the details specific to this setting.

The system (19)–(28) describes the behavior of the
system (9)–(13) subject to (1)–(5) and (39) from the con-
troller’s perspective. Stability analysis requires a different
perspective, considering each control message transmission
outcome as the actuators see it. To apply Definition 2 to the
system (19)–(24), we couch the system in an HMJLS frame-
work by considering the augmented state (xτ(m+1) , ϕ̂τ(m+1) ), with

ϕ̂τ(m+1) �
(
θ̂τ(m+1) , �τ(m+1) , θ̂τ(m+1)−�τ(m+1)−2

)

=
(
θ̂τ(m+1) , �τ(m+1) , θ̂τ(m)−1

)
, (41a)

where the equality comes from (21c). Similarly, the following
augmented state is (xτ(m+2) , ϕ̂τ(m+2) ), with

ϕ̂τ(m+2) �
(
θ̂τ(m+2) , �τ(m+2) , θ̂τ(m+2)−�τ(m+2)−2

)

=
(
θ̂τ(m+2) , �τ(m+2) , θ̂τ(m+1)−1

)
. (41b)

To write the following mathematical expressions concisely,
we index the values of the ordered triples (v1, v2, v3) represent-
ing the operational modes of the closed-loop system for the
stability analysis, with 1 ≤ v1, v3 ≤ M ≤ N and 0 ≤ v2 ≤ L,
using an invertible mapping F : Z3 → Z

+,

F(v1, v2, v3) = M2v2 + M(v3 − 1)+ v1. (42)

The augmented system’s discrete conditions ci and cj are short-
hands for (ŝμ1, �, ŝμ0) and (ŝν1, n, ŝν0), with F(μ1, �, μ0) = i
and F(ν1, n, ν0) = j.

Theorem 3: The transition probability between any given
pair of states (41a) and (41b) is (43), which is shown in the
bottom of the next page.

Proof: It is similar to the proof of Theorem 1 and is thus
omitted to satisfy the page limit of a letter.

Corollary 2: In the perfect CSI case, (43) becomes (44),
shown in the bottom of the next page.

Proof: Under perfect CSI, M = N and Pe = IN so that
ê�
μ0

P�
e = e�

i0
IN = e�

i0
, e�

i0
Pπ (τ (m) − 1) = e�

i0
πi(τ(m) − 1) =
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πi(τ(m) − 1)e�
i0

, Pα(ν0 = j0) = ej0 e�
j0

, Pα(μ1 = i1) = ei1 e�
i1

,
Peêμ1 = INei1 = ei1 , and Peêν1 = INej1 = ej1 .

Remark 4: In the particular case of perfect CSI, (43)
reduces to (44), which corresponds to the TP in [4, eq. (30)].

Corollary 3: Under Assumption A.4),

lim
τ(m)→∞ �ij

(
τ(m) − 1

) = �ij(∞), (45)

whose expression is (43) having ∞ instead of τ(m) − 1.
Proof: It is a direct consequence of Assumption A.4).
Proposition 3: Under Assumption A.4), the stochastic pro-

cess {ϕ̂τ(m+1)} is an ergodic Markov chain.
Proof: It is similar to the proof of [4, Proposition 15] and

is thus omitted to satisfy the page limit of a letter.
Lemma 1: The system (9)–(13) subject to (1)–(5) and (39)

is a Markov jump linear system described by (19)–
(24), (39), (41), and (43).

Proof: It follows from Proposition 1 and Theorem 3.
For notational convenience, let

M �
[
�ij(∞)

]L
i, j=1, L � (L + 1)M2, (46)

Lj = L(ν1,n,ν0) � An+1 + Ψ(n)K̂(∞,ŝν0
). (47)

� �

⎛

⎝
L⊕

j=1

(
Lj ⊗ Lj

)
⎞

⎠
(
M� ⊗ In2

x

)
. (48)

Theorem 4: The system (9)–(13) subject to (1)–(5), (39),
and Assumption A.4) is MSS if and only if ρ(�) < 1.

Proof: It follows the proofs of [4, Ths. 14 and 16] and uses
Proposition 3, Corollary 3, and Lemma 1.

Following the tradition of [4], we call � the
stability verification matrix because of its role in
Theorem 4.

VII. INFINITE-HORIZON LQR
Lemma 1 and Theorem 4 imply that the optimal stabilizing

infinite-horizon LQR derivation is similar to the standard
approaches from the Markov jump linear system theory, as
detailed in [4]. Consequently, we directly present the linear
matrix inequality (LMI) solution of Problem 1 in the infinite-
horizon setting, referring to [4] for additional details.

X̂(ŝμ) = arg max
X(∞,ŝμ)

tr

⎛

⎝
M∑

μ=1

X(∞,ŝμ)

⎞

⎠ (49a)

subject to
[
−X(∞,ŝμ) + A(∞,ŝμ) C�

(∞,ŝμ)
C(∞,ŝμ) B(∞,ŝμ)

]

� 0, (49b)

X(∞,ŝμ) � 0, B(∞,ŝμ) � 0, (49c)

with the terms in (49) defined by (30)–(34) for k = ∞, where
ξ∞ = 0, and ζ(∞,μ,h,ν) = limτ(m)→∞ ζ(τ(m),μ,h,ν), expressed
by (26) having ∞ instead of τ(m) − 1.

For notational conciseness, we refer to (31) and (32) as B̂(ŝμ)
and Ĉ(ŝμ) when their expressions involve the solution of the
LMIs (49), ξ∞, and ζ(∞,μ,h,ν).

Proposition 4: Under Assumption A.4), the stochastic pro-
cess {ητ(m)} is an ergodic Markov chain. Its steady-state
probability distribution is ψ(∞) with elements ψ(�,μ):

M∑

μ=1

∑

�∈Z0+
ψ(�,μ)ζ(∞,μ,n,ν) = ψ(n,ν),

M∑

μ=1

∑

�∈Z0+
ψ(�,μ) = 1.

Proof: It is similar to the proof of Proposition 3.
Theorem 5: Given the solution {X̂(si)} of the LMIs (49)

under Assumptions A.1)–A.4), the resulting infinite-horizon
LQR law defining û

nf∞ in (16) for a stabilizable system (9)–
(13), (1)–(5), and (39) is

K̂(∞,ŝμ) = −B̂−1
(ŝμ)

Ĉ(ŝμ) (50a)

A(k,ŝμ) = Q +
L−ξk∑

h=0

M∑

ν=1

ζ(k,μ,h,ν)

(

(Ah+1)�X(k+1+h,ŝν )A
h+1 +

h∑

r=1

Ar�QAr

)

, (30)

B(k,ŝμ) = F�RF +
L−ξk∑

h=0

M∑

ν=1

ζ(k,μ,h,ν)

(

Ψ�
(h)X(k+1+h,ŝν )Ψ(h) +

h∑

r=1

(
Ψ�
(r−1)QΨ(r−1) + Hr�F�RFHr

))

, (31)

C(k,ŝμ) =
L−ξk∑

h=0

M∑

ν=1

ζ(k,μ,h,ν)

(

Ψ�
(h)X(k+1+h,ŝν )A

h+1 +
h∑

r=1

Ψ�
(r−1)QAr

)

, (32)

g(k,ŝμ) =
L−ξk∑

h=0

M∑

ν=1

ζ(k,μ,h,ν)

(

g(k+1+h,ŝν ) +
h∑

t=0

tr(At�X(k+1+h,ŝν )A
t�W)+

h∑

r=1

r−1∑

ι=0

tr
(

Aι�QAι�W

))

. (33)

P

(
ϕ̂τ(m+2)

= j | ϕ̂τ(m+1)
= i
)

= ê�
μ0

P�
e Pπ (τ (m)− 1)PsP�f Pα(ν0)PsPα(μ1)Pn

f PsPeêν1

ê�
μ0

P�
e Pπ (τ (m)− 1)PsP�f PsPeêμ1

� �ij
(
τ(m) − 1

)
. (43)

P

(
ϕ̂τ(m+2)

= (
ŝν1 = sj1, n, ŝν0 = sj0

) | ϕ̂τ(m+1)
= (

ŝμ1 = si1 , �, ŝμ0 = si1

) = e�
i0

PsP�f ej0 e�
j0

Psei1 e�
i1

Pn
f Psej1

e�
i0

PsP�f Psei1

. (44)
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Fig. 2. ρ(�) from (48) as a function of nf .

for θ̂k−1 = ŝμ. The optimal cost that minimizes (18) is

J�∞ =
L∑

h=0

M∑

ν=1

ψ(h,ν)

(
h∑

r=1

r−1∑

ι=0

tr(Aι�QAι�W)

+
h∑

t=0

tr(At�X̂(ŝν )At�W)

)

. (50b)

Proof: It is similar to the proof of [4, Th. 17] and is thus
omitted to satisfy the page limit of a letter.

VIII. NUMERICAL EXAMPLE

We consider a linearized model of a rotary inverted pendu-
lum described in [4]:

A =
⎡

⎢
⎣

1 0.224 0.055 0.004
0 1.369 −0.028 0.090
0 4.994 0.391 0.167
0 8.618 −0.634 1.270

⎤

⎥
⎦, B =

⎡

⎢
⎣

0.227
0.218
4.944
4.820

⎤

⎥
⎦.

An additive white Gaussian process noise with a covariance
matrix �w = 4 · 10−6I4 perturbs the system state. The state
and input weighting matrices for LQR are Q = ⊕{1, 5, 1, 1}
and R = 10. The controller sends the messages to actuators
through a wireless link modeled as the following FSMC.

Pc =
⎡

⎢
⎣

0.257 0.027 0.032 0.684
0.182 0.023 0.028 0.767
0.172 0.022 0.027 0.779
0.058 0.010 0.012 0.920

⎤

⎥
⎦, δ̂ =

⎡

⎢
⎣

0.026
0.375
0.634
0.995

⎤

⎥
⎦

�

.

The FSMC thresholds {βi}3
i=1 = {−3.21,−2.55,−1.80} dB.

We set Φ = 0.1 as the dropout compensation factor because it
provides a good trade-off between stability and control cost in
the baseline case of no future control inputs and perfect CSI.

To compare the effects of transmitting several future control
inputs on stability and control cost, we solve the LMIs (49)
in the same setting. This choice neglects the adverse impact
of an increase in message size, which typically lowers the δ̂
values and increases actuation delays, thus changing the state
and input matrices. Fig. 2 shows the values of the spectral
radius of the stability verification matrix, ρ(�), as a func-
tion of the number of future control inputs. Fig. 3 shows
the corresponding control costs in four selected scenarios:
1) Perfect CSI; 2) Three measured states with thresholds
{β̂i}2

i=1 = {−2.98,−2.08} dB and Gaussian CSI measurement
noise having σ 2

ω = 10−4; 3) Two clusters with a threshold
β̂1 = −2.55 dB without CSI measurement noise; 4) No CSI.
All scenarios show that transmitting one future control input
significantly improves stability and control costs, while more
accurate and detailed CSI always reduces control costs.

Fig. 3. The long-run average cost J�∞ from (50b) as a function of nf .

IX. CONCLUSION

This letter solved the wireless LQR problem in a highly
general, unconstrained setting, which considers transmitting
the current and future control inputs and scaling inputs
to actuators when necessary. Possible future work includes
addressing constrained and output-feedback control issues and
optimizing message dropout compensation parameters.
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